We extend the recently established Mellin correspondence of supergravity and superstring amplitudes to the case of arbitrary helicity configurations. The amplitudes are discussed in the framework of Grassmannian varieties. We generalize Hodges' determinant to a function of two sets of independent coordinates and show that tree-level supergravity amplitudes can be obtained by contour integrations of both sets in separate Grassmannians while in superstring theory, one set of coordinates is identified with string vertex positions at the disk boundary and Mellin transformed into generalized hypergeometric functions of Mandelstam invariants.
We have recently established a correspondence between superstring disk amplitudes for the scattering of N gauge bosons and tree-level N-graviton supergravity amplitudes, when the external particles are in the maximally helicity violating (MHV) configurations [1] . We showed that in both cases, the amplitudes can be obtained from a single generating function -the Hodges' determinant [2] -in the supergravity case by identifying its arguments with the helicity spinors and in the superstring case by identifying them with string vertex positions on a disk. Integrating over vertex positions amount to multiple Mellin transforms which convert kinematic variables of supergravity amplitudes into generalized hypergeometric functions of Mandelstam invariants, with the string tension introduced as an energy unit.
In this work, we extend Mellin correspondence to the case of arbitrary helicity configurations. In order to incorporate Yang-Mills building blocks of the amplitudes, we represent them as contour integrals in Grassmannian varieties [3] . We will use the Veronese map from G(2, n) → G(k, n) [4] , which is equivalent to the connected prescription in Witten's twistor string theory [5, 6] and allows a "particle interpretation" of the integrals.
We begin by recalling some properties of N-graviton MHV amplitudes [1, 2, [7] [8] [9] [10] . The graviton polarization tensor is defined with reference to two (gauge fixing) null vectors or respectively, two spinors x and y that can be normalized as xy = 1. In the MHV case, Hodges' determinant can be expressed in terms of the Mandelstam invariants s ij and the projective variables
In order to write the amplitude, it is convenient to introduce two sets of CP 1 "position"
where Ψ is a N × N "weighted Laplacian" matrix [2, 10] with the elements
and |Ψ| rst ijk denotes the minor determinant obtained after deleting three rows i, j, k and three columns r, s, t.
The amplitude is invariant under GL(2,C) symmetry reflecting its independence of the choice of reference spinors (x, y). The homogenous coordinates σ 
Note that z ′ = 1/z transform respectively. The GL(2,C) invariance holds for the MHV amplitude evaluated on a momentum-conserving, on-shell kinematic configuration with
where the primes over sums denote omission j = i.
In order to discuss general helicity configurations in supergravity and in superstring theory, we introduce the density
where the N × N matrix X is defined as
The above expression has the same form as the MHV amplitude (5), but now it is considered as a function two independent sets of coordinates:
Here again,
however, unlike in Eqs. is invariant under a larger SL(2) × SL(2) symmetry group acting on σ andσ.
The Grassmannian integration overσ involves delta function constraints relating these coordinates to kinematic variables in a way respecting momentum conservation [3] . Actually, an explicit δ( p) factor can be always extracted by appropriate change of integration variables. These kinematic relations are also responsible for the Bern-Carrasco-Johansson (BCJ) relations [15] between partial amplitudes. In this context, Cachazo [16] showed that:
which, together with Eq. (8) , imply
thus generalizing Eq. (9) to arbitrary helicity configurations. This relation can be used for our purpose, to show that under SL(2), the X matrix elements (11) transform as
thus in Eq. (10), the corresponding factor from the determinant is canceled by the factor
In order to demonstrate SL(2)-invariance, we need to differentiate between supergravity and superstring cases. In supergravity, σ and z variables will be associated to their own
Grassmannian variety, hence they will be constrained in the same way asz in Eq. (15), and SL(2)-invariance follows by the same argument. In superstring disk amplitudes, the SL(2)-invariant density H N will be weighted by Koba-Nielsen factors and integrated over N (ordered) z variables now identified with string vertex positions on P 1 . The corresponding string "formfactor" integrals are constrained by the vanishing integral of the total derivative
Integrations by parts resulting in such vanishing total derivative terms were used in Ref.
[17] to derive BCJ relations for N-point disk integrals. The bottom line is that the relation
can be used in both supergravity and superstring amplitudes to show that up to total derivatives, the density H N is invariant under SL(2) transformations. Furthermore, BCJ relations can be used on both SL(2) and SL(2) sides. Now we can use SL(2) × SL(2) invariance to make connections with the KLT formula [11] for gravity amplitudes and with the general formula for the disk amplitudes [13, 17] .
Although this can be done for an arbitrary set of i, j, k, r, s, t indices in Eq. (10), in order to streamline the argument, we choose i = r = 1, j = s = N−1, k = t = N. Then, according to the matrix-tree theorem, the determinant is given by the sum of all forests consisting of three trees rooted at 1, N−1 and N, with a combined number of N−3 edges, each of them bringing a χ ij factor [10] . At this point, we go to a SL(2) reference frame with σ 2 N = 0 (z N → ∞) and to a SL(2) reference frame withσ 2 N −1 = 0 (z N −1 → ∞). In this way, we are left with single trees only, rooted at 1, i.e. all trees with N−2 vertices different from N−1 and N. Next, we partial fractionz ij denominators on the SL(2) side, as described in Ref. [1] , use BCJ relations on the SL(2) side and finally restore SL(2) × SL(2) invariance by returning to a general frame. All this seems rather involved, so it is worth illustrating on some simple examples.
For N = 4, we begin with (12) .
After reverting to a general reference frame, (12)(23)(34)(41) s 12 1 (12)(24)(43)(31) .
Starting from N = 5, partial fractioning and BCJ relations become very helpful. After partial fractioning, we obtain: (15)(45) 1 (14)(15)(45) 
Staying in this frame, we obtain: 
After reverting to a general reference frame, we obtain
with the definitions
,
which become useful for higher N.
The N = 4 and N = 5 examples should make it clear how to proceed to higher N. The result can be written in many ways, the shortest involving (
where π, α and β denote permutations of the respective numbers of N − 3, ⌊N/2⌋ − 1 and ⌈N/2⌉ − 2 elements. Here,
with
are the elements of the KLT momentum kernel [8, 11, 18] . We conclude that the generalized Hodges' determinant density H N of Eq. (10) does indeed describe two Yang-Mills factors "glued" by KLT kernels. We will show below that it yields correct supergravity amplitudes and agrees with the general formula for open superstring amplitudes, when integrated with appropriate delta function constraints and Koba-Nielesen factors.
We are ready to apply the generalized Hodges' determinant as a pivot for connecting supergravity and superstring amplitudes in the Grassmannian framework. The tree level, N k−2 MHV supergravity amplitude is given by
where C V is the Veronese map [4] . The kinematic data are specified by the factor -thus a pedantic reader should divide the r.h.s. by δ 4 (0). We should note that the Grassmannian formulation of supergravity amplitudes and their twistor string origin have been considered before in Refs. [19, 20] ; in particular, Ref. [19] makes a similar connection between Hodges' determinant and KLT formula.
The partial N k−2 MHV open superstring amplitude is given, at the disk level, by
where the domain of σ-integration D ⊂ (P 1 ) N is determined by color ordering. Eq. (27) guarantees agreement with the general formula for disk amplitudes [13] , as recently recast in the KLT form in Ref. [17] . Note that the string integral, including the Koba-Nielsen factor (2) invariant, but the integration domain is restricted to the disk boundary where string vertex positions are specified by z coordinates 2 .
When integrating on P 1 , we can set σ
Ref.
[1], we argued that integrations with Koba-Nielsen factor amount to Mellin transforms with the measure Field theory appears in the α ′ → 0 limit of string theory. Going the other way, directly from field theory to full-fledged string theory by means of integral transforms is harder, but it may be possible with some better understanding of the amplitudes.
